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FIGURE 13. Stable (grey line) and unstable manifold (black line) of a hyperbolic fixed point
on the Poincaré sections of the micromixer model at V, = 0.471 and o = 1.

critical V, value found here is consistent with the result of the Lyapunov exponent
analysis.

The stable and unstable manifolds of a hyperbolic fixed point in a nonlinear
dynamical system have been shown to be an invariant sets (Ottino 1989). A single
transverse intersection between these manifolds is sufficient to produce chaotic
behaviour (Lichtenberg & Lieberman 1982). In classical chaotic mixing flows, such
as a tendril-whorl flow or blinking vortex flow (Khakhar et al. 1986), the stable and
unstable manifolds can be easily determined because there are analytical solutions for
fixed points in these flow fields. For our micromixer model, it is much more difficult
to determine the stable and unstable manifolds because we do not have analytical
solutions for the fixed points. The stable and unstable manifolds of a hyperbolic fixed
point, ie. (o, y) = (440, -0.45), were found at V, = 047 and w = 1 (figure 13).
However, a comprehensive study of all the manifolds in the micromixer model is
beyond the scope of this paper.

5. Conclusions

A two-stream micromixer with time-periodic perturbations in the side channels was
fabricated using MEMS technology. Glycerine solutions with and without fluorescent
dye were used to characterize the micromixer chips, using fluorescence microscopy, at
different frequencies (or Strouhal numbers, St). An experimental mixing index based
on the standard deviation of the intensity of the pixels in the digital images was
introduced to quantify the mixing process. From a time-averaged mixing index versus
frequency plot, the best mixing occurred at St ~ 0.25.

In addition, a kinematic model was constructed to track tens of thousands of
fluid particles in the channel. These particles exhibited a lobe-like structure pattern
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after the perturbation, which was consistent with the experimental results. Lyapunov
exponent, Poincare section, and local bifurcation analyses were performed to provide
a quantitative indication of the chaotic mixing in our proposed micromixer model.

The Poincaré sections of the micromixer were used to identify regular and chaotic
regions for different perturbation amplitudes. Chaotic regions appeared as a random
array of dots while regular regions were indicated by the presence of well-defined
invariant curves in the flow. Since the chaotic system is usually very complicated, in
addition to Poincare section analysis, a Lyapunov exponent analysis was also used in
this paper.

The existence of chaotic mixing in the micromixer model with time-periodic flow
perturbations in the side channels was confirmed by the computation of Lyapunov
exponents with two different numerical methods. From a Lyapunov exponent versus
frequency plot, the best long-term mixing occurred at St ~ 1. However, a method
to achieve better mixing over a short time period is of more practical interest in
microfluidic applications. In addition, a local bifurcation analysis of the micromixer
model showed that the intersections of the main and side channels were saddle point
candidates. The distance between the fluid particles initially near these saddle points
diverged as time increased.

In the numerical model, the FTLE was found to be a maximum at St ~ 0.5 while
the infinite-time Lyapunov exponent was a maximum at St = 1; on the other hand, in
the experiment, the mixing index was found to be a maximum at St = 0.25. One may
thus suggest that, in order to obtain appreciable mixing in the mixer we considered, it
is preferable to optimize the FTLE rather than the infinite-time Lyapunov exponent.
The former takes the dynamical processes at work more completely into account,
while the latter puts emphasis on the stretching of fluid elements which may not
imply mixing, as already mentioned by a number of authors (e.g. Ottino 1989).
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